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Abstract 
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103 (1992) 279-292. 
Given a finite Abelian group A and an integer t, 1 < t s IAl - 1, a subset S of A is called a 
r-sum generator of A if every element of A can be written as the sum of exactly t distinct 
elements of S. In this paper we investigate the minimal integer M(r, A) such that every set 
S E F of size (SI > M(t, A) is a t-sum generator of A. The value of M(r, A) is completely 
determined for groups of even order. 
1. Introduction 
Let A be a finite (additive) Abelian group. Let S be a subset of A and let t be 
an integer in the range 1~ t =S ISI. We define the t-span of S, denoted by L(S, t), 
as the set of all elements of A which can be obtained as a sum of exactly t distinct 
elements of S. A subset S of A is called a t-sum generator of A if L(S, t) = A. Let 
M(t, A) denote the smallest integer such that every subset of A of size greater 
than M(t, A) is a t-sum generator of A; when A has no t-sum generator, 
M(t, A) = IAl. In this work we find the exact values of M(t, A) for even-order 
groups. In particular, we show that for all even-order groups and for all 
4stsIAl/2-3, M(t,A)=IAl/2 (Th eorem 3.1). Some of the bounds obtained 
apply also to odd-size groups, for which, to the best knowledge of the authors, 
the problem of determining M(t, A) remains open. For related work see, for 
instance [l, 4, 51. 
The values of M(t, A) can be applied to construct certain sub-classes of 
maximum-distance-separable (in short, MDS) codes [8, Ch. 111. The relationship 
between M(t, A) and these constructions is better described in terms of the 
following counterpart of a t-sum generator: given an element 6 E A, a set S G A 
of size m is called an (m, t, Q-set in A if 6 $ L(S, t). Hence, given t, the largest 
(m, t, @-set in A will have M(t, A) elements. In [9], the authors present a 
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construction of special MDS codes of length m + 2 and dimension t + 1 over a 
finite field GF (q), employing (m, t, &)-sets in the additive group of GF (q). The 
distinction of these codes is that they are not of the generalized Reed-Solomon 
type, the prevailing type of MDS codes. In (61, (m, t, &)-sets in certain Abelian 
groups are used to construct MDS codes of length m and dimension m - t on an 
elliptic curve having IAl rational points. 
2. Basic results 
We begin with several results valid for all finite Abelian groups. We consider 
nontrivial groups of order greater than one. 
First, we recall some basic facts. For any integer n 2 2, denote by Z, the ring 
modulo n. Every finite Abelian group A is isomorphic to Z,,, x Z,, x . . . x Z,,, 
where the h values n, are unique, up to permutation, powers of primes and 
IAl = nlnz * * * nh [7, p. 3541. The ni are called elementary divisors of A. It follows 
that there exists a one-to-one correspondence between all elements cy E A and the 
h-tuples [u1u2 - - . a,], ai E i& with component-wise addition modulo ni. In a 
similar manner, we associate every subset S of A with an h x (S( matrix Hs 4 [U,j], 
with Uij E Z,, 1 si G h, 1 <j 6 ISI, where the columns of Hs correspond to the 
elements of S. We shall use the short-hand notation E,k for Z,, x Z, x . . . x Z, (k 
times). 
In the sequel we shall consider in particular groups of the form Zi where p is a 
prime. Every element in such a group is associated with an h-dimensional vector 
over 2, and every subset SE Zi corresponds to an h x ISI matrix Hs over ZP. 
Denote by M(t, A, 6) the maximal size m of any (m, t, d)-set in A. It is easy to 
show that M(t, Z’i, 6) is constant for all nonzero 6 E Zi. To see this, let u1 and u2 
be the h-vector representations of two nonzero elements 6i, & E Zt, respectively, 
and let B be an h x h nonsingular matrix over ZP such that uZ = Bul. Given an 
(m, t, &)-set S, 6i # 0, we can form an (m, 1, &)-set by taking the columns of 
B e Hs. On the other hand, M(t, Zi, 0) may differ from M(t, i$, 6), 6 # 0. 
The following lemma presents a case in which M(t, A, 6) is constant for all 
6 E A, including 6 = 0. 
Lemma 2.1. If gcd(t, [AI) = 1, then M(t, A, 6) = M(t, A) for all 6 E A. 
Proof. Assume gcd(t, IAI) = 1. Let 6, and a2 be two distinct elements of A and 
let S, GA with m = I&l. Consider the set 
s, 4 {(u + t-y62 - 6,) 1 CY E S,}, 
where t-’ stands for the multiplicative inverse of t modulo IAl and t-‘6 stands for 
~~~, 6. By the Lagrange theorem we have t. t-‘(6, - 6,) = a2 - 6, and, there- 
fore, S, is an (m, t, &)-set if and only if S, is an (m, t, &)-set. Thus, the value of 
M(t, A, 6) is independent of 6. Cl 
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For a set S E A, denote by a(S) the sum of elements of S. Note that every 
(m, t, 6)-set S, t < m, is also an (m, m - t, o(S) - d)-set. This can be summarized 
as follows. 
Lemma 2.2. For a finite Abelian group A, let 1 and m be two positive integers such 
chatl<(A(-landl<m=%M(l,A). Then 
msM(m-LA). 
Clearly, M(l, A) = IAl - 1 for every group A, since L(A - {o}, 1) =A - (6). 
Also, M(IAI - 1, A) 6 ]A( - 1, or else we have a contradiction by setting 
f=IAI -1 and m=IAI in Lemma 2.2. The equality M(]AI -l,A)=]AI -1 
follows now from IL(A - {a}, IAl - 1)l = 1 for all aeA. 
Lemma 2.3. Let A be a finite Abelian group and let h2 be the number of even 
elementary divisors of A. Then 
Proof. Given a prime power n and an element a E Z,,, the number of distinct 
solutions in H, of the equation 2x = a is one when n is odd; two if both n and a 
are even; and there are no solutions if n is even and a is odd. 
Now let S be a (IS/, 2, &)-set in A and let 6 = [ala2 -. *ah] be the repre- 
sentation of 6. Suppose the first h2 coordinates of 6 correspond to the even 
elementary divisors, with s of the hz values ai being odd. If s > 0, the equation 
2.x = 6 has no solutions in A and, therefore, for every (Y E A, the set { LY, 6 - LY} 
contains two distinct elements, implying JSI c IAl/2. 
Assume now that s = 0. In this case, the set X = {x 1 x E A and 2x = S} is of 
size 2h2. Here S may contain any element of X and, in addition, one element from 
each pair {a, 6 - a} ausA .-*, implying 
(sI<!-.?f?+2h2= IAl + 2hz 
2 2 . 
This bound can be attained by choosing 6 so that s = 0 (say, 6 = 0). Cl 
In particular, when A = Zq we have M(2, H:) = M(2, H’& 0) = 2h, whereas 
M(2,Z& 6) = 2h-’ for every 6 # 0. 
Lemma 2.4. Let A be a finite Abelian group. Then, for every 2 6 t c IAl - 1, 
M(t, A) =G M(t - 1, A) + 1. 
Proof. Let cy be an element of an (m, t, r5)-set S. Then S - {(u} is an 
(m - 1, c - 1, 6 - &)-set. 0 
282 R.M. Roth, A. Lempel 
Lemma 2.5. Let A be a finite Abelian group. Then, 
Proof. When IAl is odd, the lemma is a direct corollary of Lemmas 2.3 and 2.4. 
Assume now that the first elementary divisor of A is even and suppose S is an 
(m, 3, 8)-set in A with m = ISI 2 IAl/ + 1. Since (SI > lAl/2, there exists (Y E S 
such that 6 - (Y has an odd leading component. As no two distinct elements in 
S - {CY} sum to 6 - (Y, it follows, as in the proof of Lemma 2.3, that 
ISI - 1 G lAl/2. 0 
Lemma 2.6. Let A be a finite Abelian group and, for a given integer s, 
16s < IAl - 2, let t be an integer in the range M(s + 1, A) - s < t < M(s, A) - s. 
Then, 
M(t, A) = t + s. 
Proof. Suppose M(t, A) 2 t + s + 1. By Lemma 2.2 we must have M(s + 1, A) * 
t + s + 1, contradicting our assumption on t. The inequality in the other direction 
follows from Lemma 2.2 and the fact that M(s, A) 3 t + s > s. 0 
Theorem 2.1. For any finite Abelian A, IAl 2 3, group 
t + 2 
M(tJ A)= It + 1 
if [(IAl - 1)/2] c t =Z (IAl + 2h2)/2 - 2; 
if (IAl + 2h2)/2 - 1 St S IAl - 2, 
where h2 is the number of even elementary divisors of A. 
Proof. This is a direct corollary of Lemma 2.3 and Lemma 2.5, obtained by 
substituting s = 1 and s = 2 in Lemma 2.6. Cl 
In particular, we have M(IAI - 2, A) = IAl - 1 for all finite Abelian groups A 
except when A = Z& in which case M(2” - 2, Z;) = 2h. Also, when IAl is odd, 
M(t, A) = t + 1 for all (IAl - 1)/2 5 t c IAl - 2. 
The following lemma will be used in the next section to determine the exact 
value of M(3, A) for even-order groups A. 
Lemma 2.7. Let S be a subset of a finite Abelian group A and let m 4 ISI. 
(a) Zf m is an odd integer greater than 1, then IL(S, 2)l 2 m. 
(b) Zf m is an even integer greater than 2 and the number of elements a E A 
satisfying (m/2)cr = 0 does not exceed m - 2, then IL(S, 2)1> m. 
Proof. (a) Let Zg (L(S, 2)(. No element of L(S, 2) can be obtained in more than 
[m/2] ways as the sum of two distinct elements of S. Enumerating over all (7) 
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possible pairs in S, we obtain at most 1 - [m/2] values (not necessarily distinct), 
implying 
or, since m > 1, I2 m. 
(b) No element of L(S, 2) is the sum of more than m/2 pairs in S. 
Furthermore, according to our assumption, there exist at most m - 2 elements 
/3 E L(S, 2) which are the sums of exactly m/2 pairs in S; these elements satisfy 
(m/2)/3 = a(S). We thus have, 
( > T G (m - 2) - (m/2) + [I - (m - 2)] * [(m/2) - l] 
or, since m > 2, 
1> m(m-1)/2-m(m-2)/2 
-I m/2-1 
+(m-2)l=[&l+m-l=m. Cl 
In particular, when ISI > 2 and gcd(lSJ, IAI) = 1, we have IL(S, 2)( 2 IS(. 
3. Abelian groups of even order 
In this section we prove the following theorem. 
Theorem 3.1. Let A be a finite Abelian group of even order 212. Then, for 
3StSIAl/2-2, 
M(t, A) = IN2, 
except when A E {Z’z, i&x E,h-‘} and t E (3, IAl/ - 2}, in which case M(t, A) = 
IAl/ + 1. 
Remark 3.1. We have excluded the case A = hIO and t = 3, where we have 
M(3, Go) = 6; S(3, Go, 0) = (2, 394967, 8). 
Throughout this section we assume A to be an even-order Abelian group and, 
without loss of generality, we may assume that A is isomorphic to Z,, x Z,, x 
. . - x Z,, where n1 is even. For each such group we define the binary partition 
A =AOUA1 by 
Ab 4 {[ala*. . . ah] 1 ai E Hni and a, = b (mod 2))) b E Z2. 
Clearly, IA,,1 = IAll = IAl/2. 
The following lemma establishes the desired lower bound on M(t, A) for 
even-order groups. 
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Lemma 3.1. Let A be a finite Abelian group of even order. Then, for 
3~t<IA1/2-2, 
M(t, A) a IAl/2, 
except when A E {Z’;, Z4 x hi-‘} and t E (3, [Al/2 - 2}, in which case M(t, A) > 
[Al/2 + 1. 
Proof. For odd I, A, is a ((A)/2, t, &)-set for every S E A,, and, for even C, Al is a 
(IA)/2, t, c?)-set for every 6 E Al. When A = Z’i we can adjoin the zero element to 
Al to obtain a (JAI/2 + 1, 3, O)-set, and when A = Z4 x Z,“-’ we obtain a 
(IAl/ + 1, 3, 0)-set by adjoining the element [2 0 0 . . . 0] to Al. The results for 
t = IAl/ - 2 in these last two cases are direct corollaries of Lemma 2.2. 0 
Lemmas 2.5 and 3.1 establish the exception cases of Theorem 3.1 for t = 3. The 
upper bound on M(t, A) for the main case will be obtained via the following 
steps. 
(i) First, we show that M(3, A) 6 IAl/ for all Abelian groups of order 2r 
where r is an odd integer 27. 
(ii) Using (i), we show that Theorem 3.1 holds for all Abelian groups of order 
2r, where r is an odd integer 27. 
(iii) We prove the upper bound on M(3, A) for all Abelian groups by induction 
on the power of 2 in the prime factorization of IAI, using (i) as the induction 
base. 
(iv) Finally, we complete the proof of Theorem 3.1 using (ii) as the induction 
base. 
Given an even-order Abelian group A = h,, x h,, x . . . x Z,,, nl even, IAl 2 4, 
we define the truncation group A by 
A = 
I 
&, x Cl, x * * * x a, if It, = 2; 
Z,,,,* x Z,, x . - . x Z,, otherwise, 
and the projection $I : A + A by 
Note that when nl = 2, c#) is a homomorphism from A onto A. For any u E A, 
$-l(u) stands for the set of two elements in A whose image under C#I is u. Also, 
for any T c A, T stands for the set of (distinct) images of T under @. 
Given an even-order group A = A, U A,, we extend the definition of a binary 
partition to any subset S of A: S = SO U S1, where S, 4 S fl Ab, b E Z,. 
Lemma 3.2. Let A be a finite Abelian group of order 2r, where r is an odd integer 
~7. Then 
M(3, A) c r. 
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multiset V = V(w) of t elements of & satisfying the following three conditions: 
(a) every element in V appears twice at most; (b) there exists at least one element 
in V appearing exactly once; and (c) a(V) = w. Having shown this, it will follow 
that for every 6 E A there exists a set T of I elements in S, the images of which 
under # are the elements of V, and a(T) = 6. 
Our proof is by induction on t, with Lemma 3.2 serving as the induction base 
for odd values of t. As our induction hypothesis does not assume condition (b), 
the case t = 2 can serve as the induction base for even values of t. 
Assume now that for every w E A there exists a multiset V of t - 2 2 2 elements 
of & satisfying conditions (a) and (c). Also suppose, to the contrary, that there 
exists an element z E A for which there exists no multiset of size f satisfying (a), 
(b) and (c). Let U, be a subset of r - 3 (distinct) elements of 3, such that 
20(&J # z (this condition is required to cover the case t = 6). Write & = {ui}E1 
and assume, without loss of generality, that U, = {ui}fl:. For 1~ i s m, define 
the multisets Ui p U, U {ui}. Clearly, a( Ui) # a( 4) for all i # j. For every j, 
l~j~t-3, let Pi denote the pair {Uj, z - ui- a(Uj)}. Also, when c =4, we 
denote by PO the pair forming one of the sets Ui (if any) satisfying the equality 
2a(P0) = z. Let P be a pair of distinct elements from &, not belonging to 
n = {e}f:z. It is easy to verify that for every such pair P, if the multiset P U Ui, 
1 s i s m, satisfies condition (c) with respect to z, it also satisfies conditions (a) 
and (b). Therefore, by our contrary assumption we must conclude that for every 
P $ n and every i, u(P) + a( Ui) # z. Hence, there exist at least (7) - (t - 2) pairs 
P whose sums take no more than r - m distinct values in A. It follows that there 
exists at least one element v E A which is obtained as the sums of at least 
1 
m(m - 1)/2 - (t - 2) 
r-m 1 
pairs in $. 
Now, by the induction hypothesis there exists a multiset, say V, of size t - 2, 
satisfying (a) and (c) with respect to z - V. Write t - 2 = 2s + r, where s is the 
number of distinct elements appearing twice in V. To negate the possibility of 
finding a pair of distinct elements P 4 n such that u(P) = v and V U P satisfies 
(a), (b) and (c) with respect to z, we must have 
I m(m-1)/2-(t-2) <s=t-2-z r-m l- 2 
when t # 2, or 
I m(m-1)/2-(t-2) ,s+l,f-t r-m l- 2 
when r = 2. In either case we obtain 
(r+l)(r-l1)/8-(t-2)<1_1 
(r-1)/2 -2 ’ 
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or 
r+l 4 
tZ=- - 
2 +r+3’ 
which, of course, is a contradiction. El 
Remark 3.2. So far, we have completed steps (i) and (ii) of the outline of proof 
of the upper bound on M(t, A). Writing IAl = 2k . r where r is an odd integer, the 
remainder of the proof proceeds by induction on k, with Lemmas 3.2 and 3.3 
serving as the induction base. Since the latter does not cover the cases of 
r = 1, 3, 5, we need to verify that M(t, A) = IA1/2, 3 < t c IAl/ - 2, for the 
following groups: Z16, Z2 X Z8, Z, X Z4, 24 (only for t = 4, 5), Z, X Zi (only for 
t = 4,5), Z12, Zf x Z3, Z, and Zs x Z5. The verification of these cases is left to the 
reader. 
Lemma 3.4. Let A be a finite Abelian group of even order 212 other than Z:, 
Z, x Z$-‘. Then 
M(3, A) s IAl/2. 
Proof. As indicated above, the proof is carried out by induction on k in 
IAJ=2k. r, with Lemma 3.2 and Remark 3.2 serving as the induction base. The 
reduction in k when applying the induction hypothesis may lead to different 
optional groups, depending on the elementary divisors of A. Some of these 
options may correspond to an exception case, but there is always an option 
satisfying the induction hypothesis. 
Assume that k 2 2 and suppose, to the contrary, that there exists a (IAl/ + 1, 
t, b)-set S in A. Let SO and S, be the subsets of the binary partition of S, of 
sizes m, and ml, respectively. As in Lemma 3.2, without loss of generality, we 
can assume 6 E A,,. 
Case 1: m,,a IA1/4+ 1. 
No three distinct elements in SO sum to 6, implying that 5, is an (mo, 3, 8)-set 
in A. This contradicts the induction hypothesis. 
Case 2: mO< JAl/4. 
Here we derive a contradiction by showing that there exists an element (Y E SO 
such that S - (Y E L(S,, 2). Since ISI1 = ml > IA(/4, it suffices to show that for 
every u E A, there exists an element v E & such that u - v is not an ‘even’ 
element in A; that is, there is no solution in A to the equation 2~ = u - v. 
Let 1 be the number of even elementary divisors of A. Since our contrary 
assumption implies L(&, 2) #A, it follows from Lemma 2.3 that 
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and 
,,>l,@$ 
Now, the number of ‘even’ elements in A is @l/(2’), and it is easy to check that 
JAI -2’,fi 
2 2’ 
whenever 2 < 2’ < IAl. Since A # Z:, we have 2’ < IA I. Therefore, when I> 1, for 
every u E A there exists at least one element v E 3, such that u - u is ‘odd’ in A. 
Finally, if 1 = 1, it remains to check only the case m, = IA l/4 and m, = 
IA]/4 + 1. It is easy to verify that the conditions of Lemma 2.7 hold in this case 
for $i as a subset of A and, therefore, L(s,, 2) ami = IA]/4 + 1. On the other 
hand, by our contrary assumption, no two distinct elements in Si may sum to any 
of the elements in { 6 - CY 1 (Y E So}, implying L(.?, , 2) < IA I - m, = IA I /4. q 
Lemma 3.5. (a) Every (2h-1 + 1, 3, &)-set S in Zt, h 2 3, satisfies a(S) = 6. 
(b) Every (Zh-’ + 1, 2h-’ - 2, a)-set in ZG, h 2 3, satisfies 6 = 0. 
Proof. (a) Let S be a (2”-’ + 1, 3, 6)-set. First, we show that 6 ES. If LYE S and 
(Y # 6, then S - {(Y} contains exactly one element of every pair of ZG whose sum 
is 6 - cx In particular, S - {a} contains the element 6 of the pair {(u, S}. 
Now let Hs be an h x (2h-’ + 1) matrix representing a (2h-’ + 1, 3, 8)-set S in 
Z$, h 3 3. Without loss of generality we can assume that 6 = 0 and, in this case, 
HS must contain the zero column. As the number of (distinct) columns in H, 
exceeds 2h-1, rank(H,) = h, and since every nonsingular linear operation on the 
rows of HS results in a (2h-’ + 1, 3,0)-set, we can assume that H, contains the 
h x h identity matrix. Hence, we can write 
HS 
0 
H,, 
0 
HI = 0 00. .*o 1 . 1 1.0.1 1 (3.1) 
It is easy to verify that all the columns of [Ho HI] must be nonzero; they also must 
be distinct, or else, we would have three columns in HS which sum to 0. It follows 
that every row of H,, including the last one, must have Hamming weight 2h-2 
(implying that Ho contains 2h-2 columns and that [OH,J is, in fact, a (2h-2 + 
1, 3, 0)-set in Z$-‘). Thus the sum of elements of a (2h-1 + 1, 3, 0)-set S must be 
zero. 
(b) Every (2h-1 + 1, 2h-’ - 2, &)-set S is also a (2h-’ + 1, 3, o(S) - 6)-set. By 
part (a), we have a(s) - 6 = a(s), i.e., 6 = 0. 0 
Remark 3.3. Deleting the zero column from the matrix HS in (3.1), we obtain an 
h x 2h-’ matrix Hg, in which every three columns are linearly independent over 
Z2. Therefore, Hz serves as a parity-check matrix of a binary linear code of 
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length 2h-‘, dimension 2h-’ -h, and minimum distance 24 [8, Ch. 11. It can be 
shown that such codes are unique up to linear operations on the rows of Hz or 
permutation of columns: they are all equivalent to the extended Hamming code. 
Hence, (2h-’ + 1, 3, a)-sets in ht are completely classified. 
Lemma 3.6. Let A be a finite Abelian group of even order. Then, 
M(t,A)cJA)/2, 4stcIA1/2-3. 
Proof. Let IAl = 2k - r where r is an odd integer. The proof proceeds by induction 
on k, with Lemma 3.3 and Remark 3.2 serving as the induction base. Unless 
otherwise stated, we assume ItI to be the smallest even elementary divisor of A. 
Suppose now that k 2 2. By Lemma 2.2, it suffices to consider only odd values of 
t, since every (IAl/ + 1, t, 6)-set, where t is even, also serves as a (IAl/ + 
1, t’, b’)-set, where t’ = IAl/ + 1 - t is odd. Note that having established the case 
of odd t, we can apply Lemma 2.4 to obtain M( IA)/2 - 2, A) G IA l/2 + 1 and, 
when A is not one of the exception cases, Z$ or & x Z’;-“, applying Lemma 3.4 
yields M(lAl/2 - 2, A) s IAl/2. 
Let t be an odd integer in the range 5 G t s [Al/2 - 3 and suppose, to the 
contrary, that there exists a (IAl/ + 1, t, b)-set S in A, with SO U S1 being the 
binary partition of s and mb k I&l, b E h2. As before, without loss of generality, 
we assume 6 E AO. 
We distinguish now between several cases. 
Case 1: m,~IA~/4andml+4~t~IA~/2-3. 
Let T be a subset of Si, where 
ITI = (m1 
if ml is even; 
ml - 1 if ml is odd. 
Clearly, S, is an (mo, to, y)-set in A, where to 4 t - ITI and y4 6 - a(T) EA”. 
Therefore, $, is an (m O, to, y)-set in A, and we can apply the induction hypothesis 
to A and &,. We have, 
4St-ml~tO~t-m,+1 
and, therefore, 
(3.2) 
m, - to 2 IAl/ + 1 -ml - (t - ml + 1) = IAl/ - t Z= 3. (-3.3) 
Thus, Theorem 2.1 implies to c IAl/ - 2 and, since m, 2 IAl/ + 1, the induction 
hypothesis implies either to = IAl/ - 2 or t o s 3. As the latter case contradicts 
(3.2), it remains to check the case to = [Al/4 - 2, which may be valid only when A 
is one of the exception cases. However, in such a case, m, = [A(/4 is even, 
ITI = ml, and (3.3) can be replaced by m, - t o 2 4, yielding the contradiction 
rnoa IAl/4+2. 
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Case2: m,~JA~/4and5=St~m,+3. 
Take any subset T of size c - 5 in S1. Then, no five elements of S,, sum to 
yg 6 - a(T), implying that S, is an (mot 5, y)-set in A, contradicting the 
induction hypothesis for IAl > 12. In case lA( = 12, we change slightly the proof 
by taking T as a subset of Si of size t - 3: there exist no (mo, 3, y)-sets in A in this 
case. 
Case3: m,,~IA~/4andm,+4~t~IA~/2-3. 
The proof in this case is similar to that of Case 1, except that here we take T as 
a subset of S,, where 
m, - 1 
ITI ={,, 
if m. is even; 
if m. is odd. 
It follows that S1 forms an (m 1, tI A t - ITI, u)-set for some u EA. Again, we 
have, 
4~t-mo~tI~t-mo+1, (3.4) 
implying 
m,--t,aIAj/2+1-m,-(t-m,+l)=IA1/2-tz=3. (3.5) 
Again, by Theorem 2.1, t1 G IAl/ - 2 and, since ml 2 IAl/ + 1, either t1 G 3, in 
contradiction to (3.4), or t1 = IA l/4 - 2. The latter option may hold only in one of 
the exception cases, where we must also have m, = IAl/ and m, = IAl/ + 1 
(these values correspond to t = (Al/2 - 3). We combine the discussion of both 
cases Z$ and Z, x Z$-’ by assuming n1 = 4 in the latter, thus having A = Z$-l. 
Refining our previous arguments, we note that S1 is an (m, = IAl/ + 1, ti = 
IAl/ - 2, u)-set in A for every subset T c So of size m, - 1 = IAl/ - 1, with 
distinct u for each of the IA//4 subsets T. However, by Lemma 3.5 we must have 
u = 0, implying IAl = 4. 
Case4:mo~IA~/4and5~t~mo+3. 
For any subset T of t - 4 elements in So, no four distinct elements in S, sum to 
6 - a(T), implying that S, is an (ml, 4, u)-set in A for some u E A. This 
contradicts our induction hypothesis. 0 
4. Remarks on the odd-order case 
The case of odd-order groups seems to be much more complicated than that of 
even-order groups. In this section we present some bounds on M(t, Zi), p an odd 
prime. Consider first the case when A = Zp. Here we have 
(4.1) 
by, e.g., taking the set S = (0, 1, 2, . . . , r - l}. Note that the smallest sum over 
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the integers of any t distinct elements in S is t(t - 1)/2, whereas the largest 
attainable such sum is t(r - (t + 1)/2). 0 ur assertion follows from the fact that the 
difference does not exceed p - 1. We conjecture that the lower bound of (4.1) 
holds with equality. Alon [2] points out that results obtained in [l] imply the 
following upper bound 
M(t,zJs~+O fi- ( p 1% 1% P > 
which, for any fixed t and p + w, yields 
iqt, z&J =; * (1+ o(1)). 
For the more general case of A = Zi, h 2 1, we have 
M(t, Zi) 2 ([(p - 2)/t] + 1) .ph-’ + ((p - 2) mod t) 
(4.2) 
by taking the elements of Z$ whose leading component a is in the range 
0 < a < [(p - 2)/t], together with (p - 2) mod t elements with their leading 
component being L(p - 2)/t] + 1. 
Lemma 4.1. Let t be relatively prime to p. Then, 
w7 z;> s ph - 1 
P 
h__l _ 1 * M(t, g-1). 
Proof. First, note that M(t, A) = M(t, A, 0). Let S be an (m, t, 0)-set in Zi, 
m = M(t, A), and let Z& be the h X m matrix over $ representing S. Clearly, 
every nonsingular linear operation on the rows of Hs results in a matrix H which 
is an (m, t, 0)-set in &. h In particular, there exists such a matrix H containing a 
nonzero row of Hamming weight d satisfying 
d ~ (P - Oph-l 
pk-1 *m 
(the Plotkin bound [3, p. 491). S UC a row contains at least m - d zeros and, h 
therefore, we have, 
M(t, Zip') 3 m - d 2 
ph-l-(P-l)p”-l ph-‘_l 
ph - 1 
.m= 
ph - 1 
* M(t, ig). cl 
For c up - 1 this lemma implies 
M(& Z,“) 
and, therefore, by (4.2) we obtain the following. 
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Theorem 4.1. For any fixed t and p - 00, 
M(t, z;) =$ -(1+ o(1)). 
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